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Summary

The classical physics-based Doyle–Fuller–Newman (DFN) lithium-ion cell model is non-identifiable;

i.e., it is mathematically impossible to determine the model’s parameter values without ambiguity from

nondestructive input/output (current/voltage) measurements. This paper presents a method for convert-

ing the DFN model into a “lumped-parameter model” (LPM) that is identifiable: i.e., it is mathematically

possible to determine its parameter values from input/output measurements. This is a requirement for

being able to estimate the parameters of a physics-based model of a specific lithium-ion cell using non-

destructive methods, and is an important step in making BMS using physics-based models feasible.

1 Abstract

Most modern BMS use equivalent-circuit models (ECMs) with algorithms that estimate state of charge,
state of health, etc. (SOx). However, ECMs are able to predict only the current/voltage behaviors of a
cell and cannot predict its internal electrochemical variables. Since it is exactly these internal variables
that give information regarding when we might expect the onset of premature aging, we prefer instead
to use physics-based models (PBMs), which can predict these internal variables and so can be used by
BMS to compute controls that maximize a tradeoff between performance, service life, and safety.
A drawback to using PBMs is that they have many parameter values that must be estimated to model a
specific cell. For example, the standard Doyle–Fuller–Newman (DFN) pseudo-two-dimensional (P2D)
model has 36 parameter values (cf. Table 1(left)). However, it turns out to be mathematically impossible
to do so using nondestructive tests—tests that rely only on input/output measurements without requiring
cell teardown and specialized experimental procedures. This fact is not widely understood and we still
see many papers where authors attempt to estimate DFN parameters from nondestructive tests.
A model is said to be non-identifiable if there exist two different sets of model parameter values that give
the same input/output function [1]; the DFN model is non-identifiable in this sense. However, in this
paper we show a process for grouping or lumping parameters together to make a PBM that is identifiable.
The resulting “lumped-parameter model” (LPM) still predicts all cell internal electrochemical variables
(or scaled versions thereof), so can be used in advanced BMS based on PBMs.

2 Review of the DFN model

Fig. 1 illustrates the geometry of a 1-d slice through a lithium-ion cell, roughly to typical scale. The
cell comprises three main sections: the negative electrode, the separator, and the positive-electrode re-
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Figure 1: Illustration of the cross-sectional geometry of a lithium-ion cell.

gions. In the diagram, the thickness dimension is denoted by the variable x. The P2D model simplifies
electrode-model equations by assuming that all electrode particles are spherical and have identical radius
Rs. Then, the radial dimension inside any particle is denoted by the variable r. In the model, the length
dimension is physical but the radial dimension is artificial because of this assumption: this is why the
model is referred to as a “pseudo” 2-d model. The radial dimension is the pseudo dimension.
The P2D model describes the operation of a lithium-ion cell using four PDEs along with associated
boundary conditions and initial values, as well as a single nonlinear algebraic equation that serves as
a coupling closure term. This set of equations describes the following physical variables of the cell at
spatial location x and time t:

• The concentration of lithium in the solid electrode particles, denoted as cs(x, r, t) and the concen-
tration in the particles at the particle/electrolyte boundary cs,e(x, t),

• The concentration of lithium in the electrolyte, denoted as ce(x, t),
• The potential in the solid electrode particles, denoted as φs(x, t),
• The potential in the electrolyte, denoted as φe(x, t), and
• The lithium flux from solid electrode particles into the electrolyte), denoted as j(x, t).

The model equations are summarized in Table 2. We review it here. First, note that all variables are
functions of x and t but this dependence will be dropped from the notation unless it is required to clarify
some specific point. Further, all parameters are functions of the cell region being described by the
equation being reviewed, but their values are assumed to be uniform (constant) across that cell region.

EQUATION I: CHARGE CONSERVATION IN THE SOLID. The first equation we review describes
charge conservation within the solid particles that form an electrode. This is modeled by Eq. (5) where
σreff is the effective conductivity of the electrode, ars is the specific interfacial surface area of the electrode,
and F is Faraday’s constant. The superscript “r”, for “region”, indicates that this equation is parameter-
ized by different constants in different regions of the cell. When it is important to be more specific, we
use superscripts “n” for the negative electrode, “s” for the separator, and “p” for the positive electrode.
Eq. (5) applies only to the negative-electrode and positive-electrode regions of the cell. It is a linear diffu-
sion equation describing electron movement, with a forcing term that models flux of electrons, which is
equal to the flux of lithium from the electrode to the electrolyte locally. The boundary conditions for the
PDE are stated in Eqs. (6) and (7), where Ln is the thickness of the negative electrode, Ls is the thickness
of the separator, Lp is the thickness of the positive electrode, Ltot = Ln + Ls + Lp, A is the surface area
of the current collector, and iapp is the electrical current measured at the terminals of the cell. (In the sign
convention that we use, iapp > 0 for discharge currents and iapp < 0 for charge currents.) The initial
values for this PDE are listed in Eq. (8), where θrs = crs/c

r
s,max is the stoichiometry of the electrode such

that 0 ≤ θrs ≤ 1, θrs,0 = crs,0/c
r
s,max is the initial equilibrium stoichiometry of the electrode, and U r

ocp(θ
r
s)

is the open-circuit potential (OCP) of the electrode as a function of local stoichiometry.

EQUATION II: MASS CONSERVATION IN THE SOLID. The second PDE describes mass conservation
in the solid electrode materials. It is also valid only for the negative-electrode and positive-electrode
regions and is modeled by Eq. (9), where Dr

s is the solid diffusivity of the electrode. This equation is a
restatement of Fick’s second law, formulated in spherical coordinates and assuming spherical symmetry.
That is, lithium motion inside electrode particles is modeled as standard linear diffusion. The boundary
conditions imposed on this PDE are given by Eq. (10), and the initial values are given by Eq. (11), where
0 ≤ z0 ≤ 1 is initial cell state of charge, θr0 is the value of θrs when the cell is resting at 0% SOC, and
θr100 is the value of θrs when the cell is resting at 100% SOC.
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EQUATION III: CHARGE CONSERVATION IN THE ELECTROLYTE. The third PDE describes charge
conservation in the electrolyte and is valid for all cell regions. It is modeled using Eq. (12), where
κreff is the effective conductivity of the electrolyte, R is the universal gas constant, t0+ is the transference
number of the positive ion in the electrolyte with respect to the solvent, and f± is the mean molar activity
coefficient. This equation is dominated by linear-diffusion terms, but the ∂ ln ce/∂x term modifies the
relationship somewhat to account for a nonlinear concentration dependence. The boundary conditions of
Eqs. (13) and (14) enforce the physical constraint that all current at the current-collector boundaries must
be electronic and all current at the separator boundaries must be ionic. Initial values across the entire cell
are given by Eq. (15).

EQUATION IV: MASS CONSERVATION IN THE ELECTROLYTE. The fourth PDE describes mass
conservation in the electrolyte and is valid for all cell regions. It is modeled as Eq. (16) where εre is the
porosity (volume fraction of the electrolyte in the cell region), and Dr

e,eff is the diffusivity of lithium in
the electrolyte. This is again a linear diffusion equation with a forcing term that describes the addition
of lithium due to flux of lithium from the electrode into the electrolyte locally. It applies to all regions of
the cell. The boundary conditions on this PDE are listed in Eqs. (17) to (19) and enforce continuity flux
of lithium across regions of the cell, and also enforce that there be no movement of lithium from inside
the cell to the exterior of the cell. Continuity of concentration at the electrode/separator boundaries is
also assumed. Initial values across the cell are listed in Eq. (20).

EQUATION V: KINETICS. The final model equation is a nonlinear algebraic closure term known as
the Butler–Volmer equation. It describes the kinetics of the cell—the rate of reaction and hence the rate
of lithium flux from the electrode particles into the electrolyte comprising Eqs. (21) to (23), where αr is
the charge-transfer coefficient, ηr is the local overpotential, jr0 is the exchange-flux density, krnorm,0 is a
reaction-rate constant, and Rr

f is the resistivity of the surface film that may exist on the electrode particles.
This equation is valid for the negative- and positive-electrode regions and is a good description of reaction
kinetics for constant-current events, but misses some critical cell behaviors at high frequencies. In [2],
the procedure presented in this paper is applied to an interface model that also includes an electric double
layer, but we omit those details here for clarity.

3 Reducing number of parameters: Method

The governing equations reviewed in Sect. 2 contain 36 parameter values (plus U r
ocp relationships) that

must be determined to use the cell model. These are listed in Table 1. If possible, we would like
to find ways to estimate the values of these parameters for a specific cell without opening (or “tearing
down”) the cell and performing invasive measurements. That is, we would prefer to use only input/output
current/voltage measurements to find parameter values.
It turns out that some of the parameters in Table 1 cannot be estimated uniquely from input/output data.
We will demonstrate that it is mathematically impossible to do so. Technically, we state that these
parameters are unidentifiable. However, the governing equations listed in Sect. 2 can be manipulated
to combine together the unidentifiable parameters into a smaller group of lumped parameters that are
possible to estimate from input/output data, at least in principle. The resulting lumped-parameter model
(LPM) retains the ability to predict voltage and (scaled) versions of the cell’s internal variables, and can
be used in BMS algorithms to optimize a tradeoff between performance and life.
The first lumped-parameter version of the DFN model of which we are aware was published in [3],
although the procedure for doing so was not presented. This LPM was refined over time to include the
description of an electrical double layer from [4], presented in [2,5]. A version of the model has appeared
in other recent work [6]. To the best of our knowledge, however, we are not aware of any publication
that presents the methods for converting the non-identifiable DFN model to an identifiable LPM. That is
the purpose of this paper.
We will develop the LPM by modifying the standard PBM equation-by-equation; Fig. 2 shows the pro-
cess. First, we normalize length scales and then we create new pseudo-dimensionless variable. This
exposes parameters that always appear in groups, which we lump together. Finally, we recast the model
equations using variables having more convenient names. By the end of this paper, we will have refor-
mulated all equations to eliminate redundant parameters, condensing the parameters we must determine
from cell tests to characterize the dynamics of a cell to a minimum identifiable set.
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Figure 2: General steps to parameter-lumping process.

3.1 Intensive versus extensive quantities

A quick example might help illustrate the issue we are trying to solve. Consider Ohm’s law, which
states: “voltage equals resistance times current”. But, this is equivalent to saying, “voltage equals current
divided by the product of conductivity times length”. So, both V = RI and V = I/(σL) are true.
Suppose that we measure V = 1V and I = 1A. We can easily calculate R = V/I = 1Ω. But, based
only on these measured V and I , we have no idea what are the distinct values of σ and L.

• We could have σ = 1Sm−1 and L = 1m;
• We could have σ = 0.5 Sm−1 and L = 2m;
• We could have σ = 2Sm−1 and L = 0.5m;

and infinitely many other combinations.
The issue is that σ and L are joined together in Ohm’s model in a way that is impossible to separate
mathematically using measurements of only {V, I}. It simply cannot be done. We would need to perform
an independent kind of experiment (e.g., measure σ or L directly) to determine both values with certainty.
Why is this a problem with our PBMs? Note that we say that a property is intensive if it is a normalized
quantity. If everything (dimensions, moles, etc.) in a system is doubled, the value of an intensive
property remains unchanged. Examples of intensive properties are pressure, temperature, concentration,
and density. Alternately, we say that a property is extensive if it is a total quantity. If everything in a
system is doubled, the value of an extensive property also doubles. Examples of extensive properties are
internal energy, Gibbs free energy, volume, and mass.
Many battery researchers prefer to work with intensive properties. This allows deriving models that
apply directly to any scale, whereby we scale intensive values to fit a particular application. But, for
the nonteardown parameter-estimation problem, we require extensive properties! This is for the same
reason that we could compute resistance (extensive) in Ohm’s example but we could not find conductivity
(intensive, scaled by length to compute resistance).
So, we will now reformulate the physics-based-model PDEs to lump together groups of parameters that
always appear together in equations and cannot be identified independently (although many researchers
who do not recognize this problem have tried!). This is like lumping ρ and V by defining a new variable
m = ρV . The lumped parameters of the reformulated PBM are identifiable from input/output measure-
ments, whereas the original parameters are not independently identifiable. In the majority of the cases,
the effect of the reformulation is simply to convert intensive properties to extensive properties, but there
are a few exceptions, in particular where more parameters combine to form a group.

3.2 How are we going to do this?

Before applying the model-transformation method to the P2D model, we will use it with a simple exam-
ple to illustrate the process. Assume that we have pairs of measurements (x, y) where 0 ≤ x ≤ 1. For
simplicity, we skip the step of normalizing x since it already has a normalized range.
Now, suppose that we desire to fit these data to some physically derived relationship:

λy = (α · β)x+ γ. (1)

We define scaled versions of all of the variables in the equation: we let y̆ = y/ȳ and x̆ = x/x̄. In
this notation, an overline ( ·̄ ) indicates a constant (not yet determined)—usually chosen to normalize
the primary variable to make the ( ·̆ ) variable unitless—and ( ·̆ ) is a temporary notation that indicates a
(possibly time-varying) variable that has been normalized and (often) made unitless.
When we make this substitution, we write,

λȳy̆ = (α · β)x̄x̆+ γ

y̆ =

[
(α · β)x̄

λȳ

]

x̆+

[
γ

λȳ

]

.
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Now, consider the quantities in brackets. We choose to define ȳ = γ/λ and x̄ = γ/(α · β). Then, we
have reformulated the original equation to a simpler form,

y̆ = x̆+ 1. (2)

This equation itself has no more constants that can be estimated.
To implement the physical relationship, we must estimate two values from (x, y) data: a modified slope
(reciprocal) x̄ and a modified y-intercept ȳ. These two parameters (or variations on these) are the only
ones that can be estimated from input/output data. In terms of the original relationship of Eq. (1), it is
impossible to find unique values for α, β, γ, and λ from input/output data. However, we can implement
Eq. (2) and solve for y = y̆ȳ and for x = x̆x̄ to find the same variables. We have not lost any ability to
predict the variables of the model—we have simply lumped constant parameter values together to make
it possible to determine the coefficients of the equation via measured data.

4 Reducing number of parameters: Application

We now apply this method to the PBM PDE model, equation by equation, starting with φs.

EQUATION I: CHARGE CONSERVATION IN THE SOLID. The first step to applying the method is to
normalize the cell’s 1-d thickness dimension by defining:

x̃ = (x− xr0)/L
r + xr1,

where xr0 is the starting location and xr1 is the index of each region. The result of this normalization is:

0 ≤ x̃ ≤ 1 in the negative electrode,

1 ≤ x̃ ≤ 2 in the separator region,

2 ≤ x̃ ≤ 3 in the positive electrode.

We can also relate derivatives with respect to x to derivatives with respect to x̃:
∂(·)

∂x
=

1

Lr

∂(·)

∂x̃
.

The second step to applying the method is to define scaled versions of all variables. For the charge-

conservation equation, we let φ̆s = φs/φ̄s and j̆ = j/j̄. Note that this also implies that ∂φs/∂(·) =
φ̄s∂φ̆s/∂(·). So, starting with Eq. (5) in Table 2, we can write:

∂

∂x
σreff

∂

∂x
φrs = arsFjr,

φ̄rsσ
r
eff

(Lr)2
∂2

∂x̃2
φ̆rs = arsF j̄rj̆r

∂2

∂x̃2
φ̆rs = F

[
ars(L

r)2j̄r

φ̄rsσ
r
eff

]

j̆r.

We will ultimately define j̄r and φ̄rs to make the bracketed constant in this equation disappear, to help
minimize the number of parameter values that must be determined.
Using the same approach, the nonzero boundary conditions of Eq. (6) are rewritten as:

σreff φ̄
r
s

Lr

∂

∂x̃
φ̆rs

∣
∣
∣
∣
x̃=0

=
σreff φ̄

r
s

Lr

∂

∂x̃
φ̆rs

∣
∣
∣
∣
x̃=3

=
−iapp
A

[
Aσreff φ̄

r
s

Lr

]
∂

∂x̃
φ̆rs

∣
∣
∣
∣
x̃=0

=

[
Aσreff φ̄

r
s

Lr

]
∂

∂x̃
φ̆rs

∣
∣
∣
∣
x̃=3

= −iapp.

Finally, we consider the initial values from Eq. (8):

• φns,0 = φ̆ns = 0 in the negative electrode.

• φps,0 = Up
ocp(θ

p
s,0)−Un

ocp(θ
n
s,0) in the positive electrode so, φ̆ps,0 =

(

Up
ocp(θ

p
s,0)− Un

ocp(θ
n
s,0)
)

/φ̄ps .

The third step to applying the method is to make assignments to the scaling constants to simplify the
equations. We choose to:

• Let φ̄rs =
Lr

Aσr
eff

and define σ̄r =
Aσr

eff
Lr , so φ̄rs = 1/σ̄r.

• Let j̄r = 1
arsALr .
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This reduces the PDE, its boundary conditions, and initial values to:

∂2φ̆rs
∂x̃2

= F j̆r

∂

∂x̃
φ̆rs

∣
∣
∣
∣
x̃=0

=
∂

∂x̃
φ̆rs

∣
∣
∣
∣
x̃=3

= −iapp

φ̆ns,0 = 0

φ̆ps,0 =
(

Up
ocp(θ

p
s,0)− Un

ocp(θ
n
s,0)
)

/φ̄ps .

This process has completely eliminated all cell-dependent parameters from the PDE and its boundary
conditions, but we still must estimate φ̄ps and specify θns,0 and θps,0 to be able to describe initial values.

We must also determine the open-circuit-potential relationships U r
ocp(θ

r
s) for both electrodes.

EQUATION II: MASS CONSERVATION IN SOLID. We now apply the same process to the PDE de-
scribing mass conservation in the solid, Eq. (9). We normalize the radial pseudo dimension by defining
r̃ = r/Rr

s; then, r̃ = 0 at the center of a particle and r̃ = 1 at the surface. We also define c̆rs = crs/c̄
r
s.

Substituting these definitions into Eq. (9), we can write:
∂crs
∂t

=
1

r2
∂

∂r

(

Dr
sr

2∂cs
∂r

)

c̄rs
∂c̆rs
∂t

=
1

(Rr
sr̃)

2

1

Rr
s

∂

∂r̃

(

Dr
s(R

r
sr̃)

2 c̄
r
s

Rr
s

∂c̆rs
∂r̃

)

∂c̆rs
∂t

=
1

r̃2
∂

∂r̃

([
Dr

s

(Rr
s)

2

]

r̃2
∂c̆rs
∂r̃

)

.

The nonzero boundary condition of Eq. (10) is:

Dr
s
∂cs
∂r

∣
∣
∣
∣
r=Rr

s

= −jr

Dr
s c̄

r
s

Rr
s

∂c̆rs
∂r̃

∣
∣
∣
∣
r̃=1

= −j̄rj̆r

∂c̆rs
∂r̃

∣
∣
∣
∣
r̃=1

= −

[
j̄rRr

s

Dr
s c̄

r
s

]

j̆r.

The initial values of Eq. (11) can be rewritten as:

crs,0 = crs,max (θ
r
0 + z0(θ

r
100 − θr0))

c̆rs,0 = c̄rs,max (θ
r
0 + z0(θ

r
100 − θr0)) .

We now make additional assignments, defining

• D̄r
s =

Dr
s

(Rr
s)2

,

• c̄rs =
j̄rRr

s
Dr

s
and c̄rs,max =

crs,max

c̄rs
=

arsALrcrs,maxD
r
s

Rr
s

.

Note that cell total capacity (in Ah) can be written as1

Q = εrsAL
rFcrs,max |θ

r
100 − θr0| /3600.

If we assume that electrode particles are spherical, then εrs = arsR
r
s/3. So,

Q =
arsAL

rFcrs,maxR
r
s

10 800
|θr100 − θr0|

=
c̄rs,maxF (Rr

s)
2

10 800Dr
s

|θr100 − θr0| ,

or

c̄rs,max =
10800D̄r

sQ

F |θr100 − θr0|
. (3)

The benefit of this analysis is that we have replaced two unknown constants, c̄ns,max and c̄ps,max, with a
single relationship in terms of a single (easily measurable) cell parameter Q and other constants that must

1Note that electrochemists may be more comfortable expressing capacity in mol rather than Ah. However, we believe that
most engineers will be more familiar with expressing capacity in Ah, and so this will be our convention.
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be determined in any case when identifying a model of a lithium-ion cell. We can now express the PDE,
its nonzero boundary condition, and its initial values as:

∂c̆rs
∂t

=
1

r̃2
∂

∂r̃

(

D̄r
s r̃

2∂c̆
r
s

∂r̃

)

∂c̆rs
∂r̃

∣
∣
∣
∣
r̃=1

= −j̆r

c̆rs,0 =
10800D̄r

sQ

F |θr100 − θr0|
(θr0 + z0(θ

r
100 − θr0)) .

At this point, the unknown parameters we must estimate are: Q, σ̄p, θn0 , θp0 , θn100, θp100, D̄n
s , and D̄p

s .

EQUATION III: CHARGE CONSERVATION IN THE ELECTROLYTE. We proceed by applying the
same methodology to the PDE that describes charge conservation in the electrolyte, Eq. (12). We let

φ̆re = φre/φ̄
r
e and c̆re = cre/c̄

r
e. This gives:

∂

∂x
κreff

(

∂

∂x
φre +

2RT
(

t0+−1
)

F

(

1+
∂ ln f±
∂ ln ce

)
∂ ln cre
∂x

)

+ arsFjr = 0

1

Lr

∂

∂x̃

(

κreff φ̄
r
e

Lr

∂

∂x̃
φ̆re +

κreff
Lr

2RT
(

t0+−1
)

F

(

1+
∂ ln f±
∂ ln ce

)
∂ ln c̆re
∂x̃

)

+ arsF j̄rj̆r = 0

∂

∂x̃

([
κreffAφ̄

r
e

Lr

]
∂

∂x̃
φ̆re + T

[
2R(t0+−1)

F

(

1+
∂ ln f±
∂ ln ce

)
κreffA

Lr

]
∂ ln c̆re
∂x̃

)

+ arsAFLrj̄r
︸ ︷︷ ︸

F

j̆r = 0.

The nonzero boundary conditions from Eq. (14) are:

−κreff

[

∂

∂x
φre +

2RT
(

t0+−1
)

F

(

1+
∂ ln f±
∂ ln ce

)
∂ ln cre
∂x

∣
∣
∣
∣
∣ x=Ln

x=Ln+Ls

=
iapp
A

−

[
κreffAφ̄

r
e

Lr

]
∂

∂x̃
φ̆re − T

[
2R(t0+−1)

F

(

1+
∂ ln f±
∂ ln ce

)
κreffA

Lr

]
∂ ln c̆re
∂x̃

∣
∣
∣
∣
x̃=1,2

= iapp.

The initial values are reformulated from Eq. (15) as:

φre,0 = −Un
ocp(θ

n
s,e) and so . . . φ̆re,0 = −Un

ocp(θ
n
s,e)/φ̄

r
e,

where θrs,e = crs,e/c
r
s,max. We now define

• φ̄re =
Lr

κr
effA

and κ̄r =
Aκr

eff
Lr , so φ̄re = 1/κ̄r.

• κ̄D =
2R(t0+−1)

F

(

1 + ∂ ln f±
∂ ln ce

)

.

This reduces the PDE and its nonzero boundary conditions to
∂

∂x̃

(
∂

∂x̃
φ̆re + T [κ̄Dκ̄

r]
∂ ln (c̆re)

∂x̃

)

+ F j̆r = 0

−
∂

∂x̃
φ̆re − T [κ̄Dκ̄

r]
∂ ln (c̆re)

∂x̃

∣
∣
∣
∣
x̃=1,2

= iapp.

φ̆re,0 = −Un
ocp(θ

n
s,e)/φ̄

r
e.

This PDE adds κ̄n, κ̄s, κ̄p, and κ̄D to the list of values that must be identified.

EQUATION IV: MASS CONSERVATION IN THE ELECTROLYTE. We now apply the method to the
mass-conservation in electrolyte PDE, Eq. (16):

∂(εrec
r
e)

∂t
=

∂

∂x
Dr

e,eff
∂

∂x
cre + ars(1− t0+)j

r

εrec̄
r
e
∂c̆re
∂t

=
1

Lr

∂

∂x̃

Dr
e,eff c̄

r
e

Lr

∂

∂x̃
c̆re + ars(1− t0+)j̄

rj̆r

[
εrec̄

r
eAL

r

1− t0+

]
∂c̆re
∂t

=
∂

∂x̃

[
Dr

e,effAc̄
r
e

Lr(1− t0+)

]
∂

∂x̃
c̆re + j̆r.
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The nonzero slope boundary condition at the negative-electrode/separator interface, Eq. (18), is:

Dn
e,eff

∂cne
∂x

∣
∣
∣
∣
x=(Ln)−

= Ds
e,eff

∂cse
∂x

∣
∣
∣
∣
x=(Ln)+

[
Dn

e,effAc̄
n
e

Ln(1− t0+)

]
∂c̆ne
∂x̃

∣
∣
∣
∣
x̃=1−

=

[
Ds

e,effAc̄
s
e

Ls(1− t0+)

]
∂c̆se
∂x̃

∣
∣
∣
∣
x̃=1+

.

The nonzero slope boundary condition at the separator/positive-electrode interface, Eq. (19), is:
[
Ds

e,effAc̄
s
e

Ls(1− t0+)

]
∂c̆se
∂x̃

∣
∣
∣
∣
x̃=2−

=

[

Dp
e,effAc̄

p
e

Lp(1− t0+)

]

∂c̆pe
∂x̃

∣
∣
∣
∣
∣
x̃=2+

.

The continuity boundary conditions at the electrode/separator boundaries give:

c̆ne |x̃=1− = c̆se|x̃=1+ , and c̆se|x̃=2− = c̆pe |x̃=2+ .
The initial values from Eq. (20) are reformulated as:

cre(x, 0) = ce,0, and c̆re(x̃, 0) =
ce,0
c̄re

.

We define c̄re = ce,0, which makes c̆re(x̃, 0) = c̆re,0 = 1. We further define D̄r
e = Dr

e,effAc̄
r
e/(L

r(1− t0+)).
We define n̄r

e = εrec̄
r
eAL

r/(1− t0+). Then,

n̄r
e
∂c̆re
∂t

=
∂

∂x̃
D̄r

e
∂c̆re
∂x̃

+ j̆r

D̄left
e
∂c̆e
∂x̃

∣
∣
∣
∣
left

= D̄right
e

∂c̆e
∂x̃

∣
∣
∣
∣
right

,

where “left” indicates a point and its corresponding cell region immediately to the left of a separa-
tor/electrode interface and “right” indicates a point and its cell region immediately to the right of the same
interface. That is, at the negative-electrode/separator interface, left = 1− for the position and left = n for
the region; right = 1+ for the position and right = s for the region. Similarly, at the separator/positive-
electrode interface, left = 2− for the position and left = s for the region and right = 2+ for the position
and right = p for the region. Then, we can write:

n̄r
e
∂c̆re
∂t

=
∂

∂x̃
D̄r

e
∂c̆re
∂x̃

+ j̆r.

It appears that we now need also to find q̄ne , q̄se, q̄
p
e , D̄n

e , D̄s
e, and D̄p

e in order to characterize a lithium-
ion cell. However, note that there is a relationship between D̄r

e and κ̄r that we can exploit. Recall the
definitions of effective conductivity and diffusivity in terms of the intrinsic conductivity and diffusivity:

κneff = κ(εne )
brug, Dn

e,eff = De(ε
n
e )

brug

κseff = κ(εse)
brug, Ds

e,eff = De(ε
s
e)

brug

κpeff = κ(εpe )
brug, Dp

e,eff = De(ε
p
e )

brug,

where “brug” is the Bruggeman exponent. Therefore,

Dn
e,eff

κneff
=

Ds
e,eff

κseff
=

Dp
e,eff

κpeff
=

De

κ
.

Similarly,
D̄n

e

κ̄n
=

D̄s
e

κ̄s
=

D̄p
e

κ̄p
= ψ̄, (4)

and if we have already identified the set of κ̄r, then we can compute the set of D̄r
e by knowing only a

single additional parameter, ψ̄. In summary, we re-write the PDE, its boundary conditions, and initial
condition as

n̄r
e
∂c̆re
∂t

= ψ̄
∂

∂x̃
κ̄r
∂c̆re
∂x̃

+ j̆r

κ̄left
∂c̆re
∂x̃

∣
∣
∣
∣
left

= κ̄right
∂c̆re
∂x̃

∣
∣
∣
∣
right

c̆re|left = c̆re|right

c̆re,0 = 1.

Therefore, we now need also to find only n̄n
e , n̄s

e, n̄
p
e , and ψ̄.
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EQUATION V: THE REACTION-KINETICS. Finally, we consider the closure term of the model, ex-
pressed via Eqs. (21)–(23). We will not dwell on the details here (but cf. Chap. 2 of [7] for added details
at the electrode/electrolyte boundary). For the work we report here, we insert the definitions we have
created to this point:

j̆r = j̆r0

{

exp

(
(1− αr)F

RT
ηr
)

− exp

(
−αrF

RT
ηr
)}

j̆r0 =
krnorm,0

j̄r
(c̆re)

1−αr
(

1−
c̆rs,e

c̄rs,max

)1−αr (
c̆rs,e

c̄rs,max

)αr

ηr = φ̄rsφ̆
r
s − φ̄reφ̆

r
e − U r

ocp(c̆
r
s,e/c̄

r
s,max)− F [Rr

f j̄
r] jr.

We define k̄r0 = krnorm,0/j̄
r and R̄r

f = Rr
f j̄

r. The additional parameter values we must then estimate are

k̄n0 , k̄p0 , R̄n
f , R̄p

f , φ̄ns , αn and αp.2

5 Summary of reformulated model equations

The process that we have followed has reduced the number of parameters that must be identified to
characterize a physical lithium-ion cell from 36 down to 23 (21 if we assume αr = 0.5). Thirteen
“degrees of freedom” have been removed, making the parameter-estimation task mathematically possible
in principle using only input/output current/voltage data. The lumped parameters of the reformulated
model are summarized in Table 1.
Any similar formulation with the same number of parameters will also be minimal. Since some of the
equations of the reformulated model are awkward, we slightly modify them to give a result that is easier
to relate directly to the physical processes in the cell. The final notation we develop in this paper is
presented in Table 3 and is described below.
We consider first the equations that describe potential in the solid electrodes and the electrolyte. Ana-
lyzing the reformulated model shows that the constants φ̄rs and φ̄re in all applicable cell regions must be
estimated to solve for φ̆rs and φ̆re. Therefore, there is no benefit in converting the variables of the model
from φrs to φ̆rs and from φre to φ̆re. We choose to keep the original PDEs in terms of φrs and φre but now
written in terms of the new lumped-parameter values.
Considering the equations that describe lithium flux and concentrations in the solid electrodes and the
electrolyte, we come to a different conclusion. After the reformulation, neither c̄rs, c̄

r
e, nor j̄r appear in

the final PDEs, so we do not need to (nor can we) estimate these values from input/output data. So, for
now, we will continue to write the corresponding PDEs as functions of c̆s, c̆e, and j̆. However, we do
note that the “breve” symbol in j̆ becomes cumbersome, so we rename ṅ = j̆, recognizing that j̆ has
units of mol s−1 and so ṅ is a mass flow rate. Recapping, the charge-conservation in the solid equation
is presented in the first row of Table 3, where φrs is measured in volts and σ̄r in siemens.
For the mass conservation in solid equation, D̄r

s has units of s−1, which is manageable, but c̆rs is in
mol s−1, which is an awkward unit for concentration. We choose to rewrite its PDE in terms of the
already-defined unitless θrs = c̆rs/c̄

r
s,max, which does not require finding any additional parameter values.

For cleaner notation in the charge conservation in electrolyte relationship, we define a unitless ratio of
concentrations, θre = c̆re. In these equations, φre is measured in volts, κ̄r in siemens, and t0+ is unitless.
For the mass conservation in electrolyte relationship, n̄e is in mol. For the kinetics equation, k̄r0 is in mol
per second, R̄r

f is in ohms, and ηr is in volts. These modified equations are listed in the remaining four
rows of the table.

6 Recovering original electrochemical variables

The reformulated set of PDEs allows us to simulate φrs, φ
r
e, θ

r
s, θ

r
e, and ṅr, which is sufficient to be able

to compute cell voltage. (This is why it is mathematically possible, in principle, to estimate the required
parameter values from current/voltage input/output data.)
However, what if we also desire the ability to simulate crs, c

r
e, and jr? This will turn out not to be as

necessary as it may seem. For example, cell absolute performance limits 0 ≤ crs ≤ crs,max automatically
translate to 0 ≤ θrs ≤ 1 without needing to simulate crs directly or to estimate any new parameter values.

2Sometimes, we assume αr = 0.5, which removes the requirement of finding αn and αp.
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To recover all original parameter values and electrochemical variables from the modified set, we would
need to be able to estimate ten additional values: A, Ln, Ls, Lp, ans , aps , Rn

s , R
p
s , t0+, and ce,0. It

might seem that we should need to estimate thirteen values, since thirteen degrees of freedom have been
removed from the model by the reduction process. However, two of those degrees of freedom were
removed by noticing the relationship between D̄r

e and κ̄r, which we summarized by replacing three D̄r
e

parameters with a single constant ψ̄ in Eq. (4). The remaining degree of freedom was removed by
noticing that operational capacity of both electrodes must be equal, which allowed us to replace two
c̄rs,max parameters with a relationship involving the single constant Q in Eq. (3). Note that most of the
ten remaining unknown values are physical dimensions and relatively easy to measure via cell teardown
if needed. No elaborate electrochemical techniques are required.
To recover all original electrochemical variables, if we are not concerned with recovering all original
parameter values themselves, we would need to determine only eight additional values: cns,max, cps,max,
ce,0, ans , aps , Ln, Lp, and A.3 Then, we could compute:

crs = crs,maxθ
r
s cre = cre,0θ

r
e; and jr =

ṅr

arsAL
r
.

7 Summary

This paper has presented a procedure for eliminating redundant parameter values from a system of equa-
tions. When applied to the DFN PBM of lithium-ion cells, it results in the LPM, for which all parameter
values are, in principle, identifiable from input/output measurements.4

It is beyond the scope of this paper to present detailed application to nonteardown parameter estimation.
However, our research team is preparing a series of articles on this general topic. We have already
published methods to estimate the OCP and OCV relationships of a cell [8,9] and on estimating parameter
values of the potential and kinetics equations [10]. We are currently preparing manuscripts that show how
to find the remaining parameter values using nonteardown methods. We invite the interested reader to
explore these works.
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s
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